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The level curvature distribution function is studied beyond
the random matrix theory for the case of T-breaking pertur-
bations over the orthogonal ensemble. The leading correction
to the shape of the level curvature distribution is calculated
using the nonlinear sigma-model. The sign of the correction
depends on the presence or absence of the global gauge invari-
ance and is different for perturbations caused by the constant
vector-potential and by the random magnetic field. Scaling
arguments are discussed that indicate on the qualitative dif-
ference in the level statistics in the dirty metal phase for space
dimensionalities d < 4 and d > 4.
PACS numbers: 71.25.-s, 72.15.Rn, 05.45+b
Since the seminal work by Thouless [1] the sensi-
tivity of spectrum {En} of disordered conductors to a
small twist of the boundary conditions Ψ(ρ, z = 0) =
eiϕΨ(ρ, z = L) is considered as a powerful tool to probe
the space structure of eigenfunctions and distinguish be-
tween the extended and the localized states. More pre-
cisely, the quantity Kn which is now referred to as the
”level curvature”, was introduced in Ref.[1] in order to
describe this sensitivity quantitatively:
Kn = ∆
−1 ∂
2En(ϕ)
∂ϕ2
∣∣∣∣
ϕ=0
, (1)
where the mean level spacing ∆ = (νLd)−1 is related
with the mean density of states ν and the size of the
d-dimensional sample L.
In complex or disordered quantum systems, the quan-
tityKn fluctuates over the ensemble of energy levels {En}
or, for a given level, over the ensemble of realizations of
disorder. The typical width of the distribution of level
curvatures P (K) is of the order of the dimensionless con-
ductance g = D/(L2∆), where D is the diffusion coeffi-
cient [1]. Thus studying this distribution one can obtain
an information about the transition from metal to insu-
lator with increasing the disorder (Anderson transition).
In the recent works [2] it has been shown that the
distribution of the fluctuating quantity Kn is a partic-
ular example of parametric level statistics, i.e. statistics
of spectral responses of the system to any perturbations
proportional to some parameter ϕ.
A remarkable property of the parametric level statis-
tics [2] similar to that of the usual level statistics [3,4],
is that in a certain limit they are universal for all clas-
sically chaotic and disordered systems and can be de-
scribed by the random matrix theory (RMT) of Wigner
and Dyson [3,4]. For disordered systems considered here
this limit coincides [5] with g → ∞. For chaotic sys-
tems the same role is played [6] by the ratio g = γ1/∆,
where γ1 is the first non-zero mode in the spectrum of
the Perron-Frobenius operator that describes the chaotic
behavior of the corresponding classical system. In partic-
ular, for the time-reversal-invariant system without spin-
dependent interactions (orthogonal ensemble) the distri-
bution of level curvatures, Eq.(1), was found [7,8] in this
limit to have the form:
PWD(k) =
1
2 (1 + k2)
3
2
, k =
K
〈|K|〉
, (2)
where 〈|K|〉RMT = 2g is the average modulus of the
level curvature. Further study [9] showed that the form,
Eq.(2), remains the same if weak localization is taken
into account, only the dimensionless conductance in the
expression for 〈|K|〉 is changed appropriately.
The form, Eq.(2), is universal. It does not depend,
e.g. on details of the system and the perturbation. The
only important point is that the system is T-invariant
with T 2 = 1 and the perturbation breaks this invari-
ance. However, the T-breaking perturbations can be of
two different types. One of them (we call such perturba-
tions ”global”) is represented by the twist of the bound-
ary conditions or by the magnetic flux in the problem of
persistent current [10]. In this case wave functions should
have a significant amplitude on both boundaries z = 0
and z = L in order the energy spectrum En be sensitive
to the phase ϕ. Apparently, it is not so for the localized
states, for which the distribution function P(k) shrinks
dramatically and is approximately of the logarithmically-
normal form [11-13].
Another type of T-breaking perturbations is repre-
sented by the magnetic impurities or random magnetic
fluxes. We call them ”local perturbations”, since they
probe wave functions locally. Even for a localized state
there should be a significant spectral response to chang-
ing the strength ϕ of such a local perturbation. So, one
would expect neither any dramatic contraction nor the
logarithmically-normal form of the distribution function
P (K) in this case.
Thus we conclude that there is no universality of the
distribution function P (k) in the Anderson insulator. It
is reasonable to assume that the universality is broken
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already at small but finite values of the parameter 1/g
when the wave functions are still extended but have a
pronounced structure. In the presence of such a struc-
ture, the system cannot be described any more by the
basis-invariant ensemble of random matrices which is the
main assumption of the random-matrix theory of Wigner
and Dyson [3,4]. In order to use the curvature distribu-
tion function as a tool to probe the space structure of
wave functions one should go beyond the random matrix
theory.
In the present Letter we address the problem of cor-
rections to the shape of the distribution function P (k).
A general approach to calculate such corrections using
the nonlinear supersymmetric sigma-model [5] has been
suggested in [14] and applied to distributions of differ-
ent quantities [9,14,15]. It is based on the perturbative
consideration of the non-zero diffusion modes which are
integrated out to produce corrections to the zero-mode
supersymmetric sigma-model [5]. The latter is then inte-
grated exactly using the Efetov’s parametrization [5].
Before going into details of the calculations we would
like to formulate the main result and its consequences.
The main result is the correction to the level curvature
distribution function P (k) for the case of T-breaking per-
turbations over the orthogonal ensemble:
δP (k) =
C(d)
(πg)2
2− 11k2 + 2k4
2 (1 + k2)7/2
, k =
K
〈|K|〉
≪ g, (3)
where
C(d) =
∑
q 6=0
1
(q2)2
×
{ (
4
d − 1
)
, case I
−1, case II
(4)
Here q = {q1, ...qd}, where qi = 2πni, (ni = 0,±1,±2...)
in the case of the periodic boundary conditions (for an
unperturbed system) considered in this Letter.
A remarkable feature of Eqs.(3)-(4) for d < 4 is that
the sign of the correction is different for global (case I)
and local (case II) T-breaking perturbations. This re-
flects the principal difference between them which we
discussed above. The positive sign of the correction at
small K for the case of the global perturbations has been
observed in the recent numerical simulations [12] on the
3D Anderson model. It implies the tendency towards
the formation of a sharp peak in P (K) at K = 0 which
should be present in the insulator for the case of global
perturbations and absent in the case of local ones.
Next we note that the sum in Eq.(4) is convergent only
for d < 4. For d > 4 there is a problem of the upper mo-
mentum cut-off that cannot be done accurately within
the framework of the nonlinear sigma-model approach.
It turns out that for global perturbations the coefficient
C(d) changes sign precisely at d = 4 where the difficulty
with the divergent sum is first encountered. This coinci-
dence could hardly be accidental. It may indicate on the
qualitative difference in the structure of wave functions
in disordered systems for d < 4 and d > 4, especially near
the Anderson transition where the parameter 1/g2 is not
very small. Meanwhile the problem of the Anderson tran-
sition in higher dimensions is becoming a physical issue
because of some models [16] that map the problem of
disordered systems of interacted electrons onto the An-
derson model in higher dimensions.
Now we outline the derivation of the announced re-
sults. The first step is to express the level curvature
distribution function P (K) in terms of the two-level cor-
relation function R(ω, ϕ). This is done in the same way
as in Ref.[17]:
P (K) = lim
ϕ→0
[
ϕ2
2
R
(
ω =
ϕ2
2
K∆; ϕ
)]
. (5)
The second step is to represent the two-level correla-
tion function in Eq.(5) in terms of the supersymmetric
nonlinear sigma-model which has been derived in Ref.[5]
from the model of non-interacting electrons in a random
potential. Using the results of Ref.[5] we arrive at:
P (K) = −
ϕ2
16
ℜ
∂2
∂j+∂j−
∫
DQ e−Fϕ[Q;K,j±]
∣∣∣∣
ϕ,j±→0
.
(6)
In this equation Q(r) is the 8 × 8 supermatrix field of
a certain symmetry which obeys the constraint Q2 =
1, and Fϕ[Q; K, j±] = F [Q; K] + F [Q; j+] + F [Q; j−],
where:
F [Q; j±] = j±
∫
Str[P±PBQ]
dr
Ld
(7)
Here Str[A] = tr[AFF ] − tr[ABB ] stands for the super-
trace, P± are the projectors onto the retarded (RR) or
advanced (AA) sectors and PB is the projector onto the
boson-boson sector of the superfield Q (see Ref.[5] for de-
tails and definitions). An equivalent representation has
been used in Ref.[9].
The main information about the underlying physics is
contained in the action F [Q; K]. For global perturba-
tions it takes the form:
Fϕ[Q; K] =
π
8
gL2
∫
Str
(
~∇Q−
i~ϕ
L
[Q, τ ]
)2
dr
Ld
+ (8)
+ i
π
8
Kϕ2
∫
Str[ΛQ]
dr
Ld
,
where ~ϕ = (0, ϕ) is supposed to be directed along the
z-axis; Λ = P+ − P−, and τ = σz ⊗ P+ is proportional
to the Pauli matrix σz that breaks the symmetry in the
quaternionic subspace of the superfield Q and reflects the
T-symmetry breaking.
For local T-breaking perturbations the linear in ϕ term
in Eq.(8) is absent.
The representation, Eqs.(6)-(8), in terms of the field Q(r)
contains all the spatial diffusion modes γq = (D/L
2)q2.
However, in doing the limit ϕ → 0 in Eq.(6) the main
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role is played by the zero mode which corresponds to
q = 0. At ϕ = 0 this mode does not cost any energy no
matter how large are the components of the field Q in the
non-compact boson-boson sector [5]. It is the arbitrary
large amplitudes of the zero mode components of the
field Q that compensate the infinitesimal parameter ϕ in
Eqs.(6)-(8) and lead to a finite result for P (K). Thus
the space independent zero mode Q0 must be considered
non-perturbatively. In the limit g → ∞ all the non-zero
modes can be neglected [5], and one arrives [9] at the
RMT result, Eq.(2). For finite 1/g the non-zero modes
should be also taken into account. However, all the non-
zero modes can be treated perturbatively for g ≫ 1 to
lead to some corrections to the zero-mode action. In
order to obtain these corrections we have to separate zero
modes from all other modes and then integrate over all
the non-zero modes using a certain perturbative scheme.
This is done by means of the transformation [14]:
Q(r) = V −10 Q˜(r)V0, Q0 = V
−1
0 ΛV0. (9)
The field Q˜(r) that must also obey the constraint Q˜2 = 1,
is parametrized as follows [14]:
Q˜ = (1 −W/2)Λ(1−W/2)−1, (10)
where the supermatrix W (r) does not contain the zero
spatial mode.
The transformation from Q(r) to new variables
Q0,Wq 6=0 involves [15] a non-trivial Jacobian J =
e−FJ [W ]. To the first non-vanishing order inW it is given
by [18]:
FJ [W ] = −
1
8
∫
Str[W 2]
dr
Ld
. (11)
In order to integrate overW perturbatively, one has to
expand the action, Eqs.(7),(8),(11) in powers of W sep-
arating the V0-independent quadratic in W part F0[W ]
and consider all the rest W -dependent terms as pertur-
bations using the Wick’s theorem.
As a result of such calculations we have obtained the
correction up to the 1/g2 order to the zero-mode action
F [Q0; K, j±]. It is too lengthy to present it here and
contains all possible linear and bi-linear combinations of
vertices encountered in F [Q0; K, j±] plus 4 new vertices.
A remarkable feature of the Efetov’s parametrization
[5] that has not been mentioned so far is that in the
limit of large ”non-compact angles” λ1,2 → ∞, the new
vertices reduce to the product of the ”old” ones. Thus
up to the leading order of λ41,2 we found:
Str[(ΛQ0)
2] = − [Str[ΛQ0]]
2
, (12)
Str[(τQ0)
4] = −
1
2
[
Str[(τQ0)
2]
]2
Str[(τQ0)
2ΛQ0] = −
1
2
Str[(τQ0)
2] Str[ΛQ0],
Str[(τQ0)
2P±PBQ0] = −
1
2
Str[(τQ0)
2] Str[P±PBQ0].
This circumstance simplifies the solution dramatically,
since it allows to obtain all the corrections to P (K) just
by differentiating of the RMT result, Eq.(2), over g and
K. Since the K and g-dependences of the RMT distribu-
tion function P˜WD(K) = (2g)
−1PWD(K/2g) are closely
related, the result can be formulated in terms of the g-
derivatives alone. It is convenient to introduce the pa-
rameter α = ln g. Then the corrections to the distribu-
tion function P (K) can be represented in the form:
δP (K) = −
1
πg
∑
q 6=0
1
q2
(
∂P˜WD(K)
∂α
)
+ (13)
+
1
(πg)2
∑
q 6=0
1
(q2)2
[
9
2
−
16
d
+
36
d(d+ 2)
]
∂P˜WD(K)
∂α
+
+
1
(πg)2
∑
q 6=0
1
(q2)2
(
4
d
− 1
)
∂2P˜WD(K)
∂α2
.
The result, Eq.(13), holds for the global perturbations.
For such perturbations ∇Q enters Eq.(8) as a ”covariant
derivative” ∇Q − iϕL [Q, τ ]. As a result, the linear in ϕ
”cross”-vertex ~ϕ Str[Q~∇Qτ ] appears in the action. It is
this vertex that leads to terms in Eq.(13) proportional
to 1/d or 1/d(d+ 2). For local perturbations such terms
are absent, since the linear in ϕ vertex does not appear
at all [5].
The term with the second derivative in Eq.(13) con-
tributes to the correction to the shape of the distribution
function P (k) and leads to the announced result, Eq.(3).
The terms proportional to the first derivative can be
absorbed into the RMT distribution function PWD(k) by
changing the average 〈|K|〉. The 1/g correction to this
value first found in Ref.[9] is nothing but the usual weak-
localization correction to the quantity 〈|K|〉RMT = 2g.
Thus up to the first order in the inverse ”bare” conduc-
tance 1/g, the quantity 12 〈|K|〉 behaves exactly like the
true dimensionless conductance g¯.
Moreover, it turns out that all the 1/g2 corrections
to P (K) proportional to (
∑ 1
q2
)2 cancel each other in
the same way as in the dimensionless conductance g¯ [20].
This is in a full agreement with the one-parameter scaling
[21] extended to describe the distributions of mesoscopic
fluctuations [19]. In the region where the one-parameter
scaling works, the distribution functions of all quantities
(measured in proper units) should depend only on one
additional parameter - the average dimensionless con-
ductance g¯ that absorbs all microscopic parameters of
the system and includes all quantum corrections propor-
tional to the powers of g−1
∑ 1
q2
. For the case of the level
curvature distribution it means that P (K) = P (K; g¯),
where g¯ should obey the scaling equation [21] that does
not allow [20] the term proportional to g−2(
∑
1
q2
)2 in
the perturbative expansion of g¯/g in powers of 1/g.
¿From this viewpoint the corrections to P (K) propor-
tional to g−2
∑
1
(q2)2 should be considered as the main
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terms in the expansion of P (K; g¯) in powers of the true in-
verse dimensionless conductance 1/g¯ renormalized by the
localization effects rather than the second-order terms of
an expansion in powers of the ”bare” value of 1/g. With
due regard of these corrections the shape of the distri-
bution function P (k) deviates from the RMT result and
the average 〈|K|〉 is no more proportional to the average
dimensionless conductance:
〈|K|〉 = 2g¯

1 + A(d)
(πg¯)2
∑
q 6=0
1
(q2)2

 , (14)
where A(d) = 9/2 for the local perturbations and A(d) =
(9/2− 16/d+ 36/d(d+ 2)) for the global perturbations.
In conclusion we would like to discuss a consequence
of the form of corrections to different level statistics for
the applicability of the RMT results. The typical relative
correction [see e.g.[14,22]] has the same form as Eq.(14)
and is proportional to g¯−2
∑ 1
(q2)2 . Let us suppose that
the system is close enough to the Anderson transition
(from the metal side) but it is still not in the critical
region, so that πg¯ ≫ 1 but it is not very large. Then
for d < 4, where the sum in Eq.(14) is convergent, the
correction is still small, and the RMT can be considered
as a good zero approximation. However, it is not the
case for d > 4 if πg¯ < (L/r0)
d/2−2, where r−10 is the
upper momentum cut-off. In the scaling picture of the
Anderson transition [21] the dimensionless conductance g¯
can be made arbitrary close to its critical value gc ∼ 1 by
the fine tuning of the elastic scattering mean free path
l ≈ lc at a constant L ≫ l ∼ r0. Thus we conclude
that the above condition is always possible to achieve for
d > 4 at some strength of disorder Wc1(L) which is less
than the critical one Wc. For W > Wc1 the RMT results
do not work even as a zero approximation for the level
statistics.
In summary, we have calculated the leading corrections
to the shape of the level curvature distribution function
P (K) beyond the random matrix theory. For T-breaking
perturbations over the orthogonal ensemble, the correc-
tions are not universal and depend qualitatively on the
presence or absence of the global gauge invariance. In
both cases the average 12 〈|K|〉 shows deviations from the
average quantum dimensionless conductance g¯. The cor-
rections are in agreement with the one-parameter scaling.
The consequence of the scaling hypothesis and the form
of the corrections is a qualitative difference in level statis-
tics for space dimensionalities above and below d = 4.
Below d = 4 the RMT is a good zero approximation for
level statistics in the metal phase, while for d ≥ 4 there
should exist a critical value of disorder Wc1 < Wc above
which RMT fails to describe spectral correlations.
Acknowledgements We thank B.L.Altshuler,
Chaitali Basu, C.M.Canali, V.I.Fal’ko, Y.V.Fyodorov,
I.V.Lerner and A.D.Mirlin for stimulated discussions.
Support from RFBR and INTAS grant RFBR/INTAS
95-675 (V.E.K.) is gratefully acknowledged.
[1] D. J. Thouless, Phys. Rep. 13, 93 (1974).
[2] B. D. Simons and B. L. Altshuler, Phys. Rev. B. 48,
5422 (1993); A. Szafer and B. L. Altshuler, Phys. Rev.
Lett. 70, 587 (1993); B. D. Simons, P. A. Lee and B. L.
Altshuler, Phys. Rev. Lett. 70, 4122 (1993).
[3] E. P. Wigner, Proc. Cambridge Philos. Soc. 47, 790
(1951); F. J. Dyson, J. Math. Phys. 3, 140 (1962).
[4] M. L. Mehta, Random matrices (Academic Press, Boston,
1991).
[5] K. B. Efetov, Adv.Phys. 32, 53 (1983).
[6] A. V. Andreev, O. Agam, B. D. Simons, and B. L. Alt-
shuler, Phys. Rev. Lett. 76, 3947 (1996).
[7] J. Zakrewski and D. Delande, Phys. Rev. E. 47, 1650
(1993).
[8] F. von Oppen, Phys. Rev. Lett. 73, 798 (1994).
[9] Y. V. Fyodorov and H.- J. Sommers, Phys. Rev. E. 51,
R2719 (1995).
[10] M. Buttiker, Y. Imry, and R. Landauer, Phys. Lett. A.
96, 365 (1983).
[11] K. Zyczkowski, L. Molinari, and F. M. Izrailev, J. Phys.
I France. 4, 1469 (1994).
[12] C. M. Canali, C. Basu, W. Stephan and V. E. Kravtsov,
Phys. Rev. B. 54, 1431 (1996).
[13] M. Titov, and Y. V. Fyodorov, (unpublished).
[14] V. E. Kravtsov and A. D. Mirlin, Pis’ma Zh. Exp. Teor.
Fiz. 60, 645 (1994) [JETP Lett. 60, 656 (1994)].
[15] Y. V.Fyodorov and A. D. Mirlin, Phys. Rev. B 51, 13403
(1995).
[16] B. L. Altshuler, Y. Gefen, A. Kamenev and L. Levitov
(unpublished).
[17] V. E. Kravtsov and M. R. Zirnbauer, Phys. Rev. B. 46,
4332 (1992).
[18] There was a minor mistake in calculating the Jacobian
in Ref.[15]. The correct answer is given by Eq.(11)
[19] B. L. Altshuler, V. E. Kravtsov, and I. V. Lerner, Zh.
Eksp. Teor. Fiz. 91, 2276 (1986) [Sov. Phys. JETP 64,
1352 (1986)].
[20] L. P. Gor’kov, A. I. Larkin, and D. E. Khmelnitskii,
Pis’ma v ZhETF 30, 248 (1979) [Sov. Phys. JETP Let-
ters 30, 228 (1979)].
[21] E. Abrahams, P. W. Anderson, D. C Licciardello, and
T. V. Ramakrishnan, Phys. Rev. Lett. 42, 673 (1979).
[22] A. V. Andreev and B. L. Altshuler, Phys. Rev. Lett. 75,
902 (1995).
4
